LIMIT LAWS FOR SUMS OF INDEPENDENT RANDOM 
PRODUCTS: THE LATTICE CASE 



ZAKHAR KABLUCHKO 

Abstract. Let {Vij; G N-^} be a two-dimensional array of i.i.d. random 
variables. The limit laws of the sum of independent random products 

iV„ n 

as n, Nn — > oo have been investigated by a number of authors. Depending on 
the growth rate of A'^„ , the random variable Zn obeys a central limit theorem, 
or has limiting o-stable distribution. The latter result is true for non-lattice 
Vij only. Our aim is to study the lattice case. We prove that although 
the (suitably normalized) sequence Zn fails to converge in distribution, it is 
relatively compact in the weak topology, and describe its cluster set. This set 
is a topological circle consisting of semi-stable distributions. 



1. Introduction and statement of results 

Let {Vij \ £ N^} be a two-dimensional array of independent copies of a real- 
valued random variable V. Our main object of interest is the sum of independent 
random products 

(1) ^«=En^"-- 

Here, Nn is a sequence of positive integers converging to oo. The limit laws of 
the random variable Zn as n, Nn -> oo have been studied by Bovier et al. Q for 
Gaussian V (see Theorems 1.5, 1.6 therein), and by Cranston and Molchanov ^ 
for arbitrary V with finite exponential moments. The study of Zn is motivated by 
a number of models in statistical physics. To mention only one example, if Vij are 
Gaussian variables, then Zn is the partition function of the random energy model; 
see . The character of the limiting distribution of Zn depends on the growth rate 
of the sequence 7V„. If the sequence Nn grows fast in the sense that 



(2) liminf-logA^„ > A2 

71— >-oo n 

for some critical value A2 > depending only on the distribution of V, then the 
random variable Zn obeys a central limit theorem with the usual normalization: 

(3) —== ^J\f{0,l), n^oo. 

V Var Zn 
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If the sequence Nn grows slowly in the sense that 

(4) A:= lim - log A^„ G (0, A2), 

then the central limit theorem breaks down. Instead, for suitable normalizing se- 
quences An, Bn, we have 

(5) > J^a, n~^oo, 

On 

where Ta is an a-stable distribution totally skewed to the right, and the stability 
parameter a G (0, 2) depends on A. The proofs of ([3]) and ([5]) can be found in [5j. 
Unaware of Q , the author proved essentially the same results in • A functional 



version of these results can be found in There is also a transition between 



the two regimes ([2]) and ([4]) taking place at logiV„ « \2n; see 0, Thm. 1.5(ii)], 0, 
Thm. 1.2], as well as [ill Thm. 1.3]. 

In their proof of the stable limit law (O , Cranston and Molchanov Q relied on an 
asymptotic expansion in the central limit theorem; see Theorem 1 on page 210 in Q. 
It has been overlooked in Q that this result is true for non-lattice distributions only; 
see page 212 in Q for a discussion of this fact. Recall that a random variable V is 
called lattice if there exist /i, a G R such that the values of V are a.s. of the form 
/in + a, n G Z. 

Our aim is to investigate the lattice case. On the one hand, we will see that in 
this case the convergence to an a-stable law breaks down. More precisely, there is 
no affine normalization which makes the sequence of random variables Z„ weakly 
convergent. On the other hand, we will prove that for suitable An and i?„, the 
sequence of random variables (Z„ — yl„)/i?„ is relatively compact in the weak 
topology and describe the set of weak accumulation points for this sequence. This 
set is a topological circle consisting of semi-stable distributions. 

Let us state our results precisely. Let y be a non-degenerate random variable 
satisfying the Cramer condition 

(6) — logEe*^ < +00 for alH G M. 

Let / : M — > [0, +00] be the Legendre-Fenchel transform of i/j given by 

(7) /(/3) :=sup(/3t-V(t)), 

Following '5'], define the "critical points" Ai and A2, < Ai < A2, by 

(8) Ai :=^'(1)-^(1), A2 27^'(2) - 7^(2). 

We assume that the distribution of the random variable \^ is lattice. Since Zn 
changes only by a constant factor e~"° if we replace V hy V — a, there is no 
restriction of generality in making the following assumption. 

Assumption 1. There is ft. > such that the values of V belong with probability 
1 to the lattice KL — {hn; n G Z}, and, moreover, h is the largest number with this 
property. 

It will be convenient to denote by [b]h and {b}h the entire part and the fractional 
part of 6 G K. taken with respect to the lattice ftZ, i.e. 

[b]h := max{a G ftZ : a < 6}, {b}h -.^ b - [b],, G [0, h). 

Note that [6]i and {6}i are the usual integer and fractional parts of b. The next 
theorem is our main result. 
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Theorem 1. Suppose that ([4]), ([6|) and Assumption]^ are satisfied. Define a G 
(0, 2) as the unique solution of the equation aip'{a) — ip{a) = A. Define An and Bn 
by 

[0, i/A€(0,Ai), 

(9) An = <^ 7V:„E[e2:}=i^i-l5^-^^ v^_^.<,J, if\^ Ai, 

[EZn, ' «/Ae(Ai,A2), 

(10) Bn = e''", w/iere 6„ = nl'^ | - log ( , ^"^ | | . 

If {rifcj/ceN is an increasing integer sequence such that 

(11) A:= lini{fe„Jft. e [0,/i], 

i/ien we have the following weak convergence: 

(12) ^->J^a,A: fc^OO. 

Here, J^a,A is an infinitely divisible distribution whose characteristic function (f>a.A 
has a Levy-Khintchine representation 



(13) log0c<,A(u) = iC'a,A;rU + ^ [c^'"'^ - 1 - iuxl^<:r) X UG 



E 



where e^^ ^ denotes the geometric progression {e'"' G Z}, r > is arbitrary 

such that T ^ e''^^^, and Cq_A;t a constant. 

Corollary 1. Under the assumptions of Theorem]^ the sequence of random vari- 
ables 

(14) \^^^^;nen 

is relatively compact in the weak topology. The set of the weak accumulation points 
of the sequence ()14p is {J^a,A', A G [0, /i]}. Endowed with the induced weak topology, 
this set is homeomorphic to a circle. 

Example 1. Let the variable V take two values h and with probabilities p and 
1 — p, respectively, p G (0, 1). In order to motivate this choice, consider a game in 
which a player with starting capital 1 tosses a coin n times and each time the coin 
shows heads (which happens with probability p), the capital is multiplied by e''. If 
the coin lands tails, the capital remains unchanged. With other words, the gain of 
the player in such a game is e'''^ if the coin lands k times heads, k — 0, . . . ,n. Then, 
the random variable Z„ may be interpreted as the total gain in Nn independent 
games. Theorem [T] provides a complete description of the subsequential limit laws 
of Zn as n, Nn oo provided that the growth condition Q is satisfied. The critical 
point A2 is given by 



2phe^'' 
(1 -p) +J3e2'« 



(15) A2 = — ^— --log((l-p)+pe^''). 



It should be stressed that the central limit theorem ^ as well as the limit results 
in the intermediate regime logA'n « (see [ill . Thm. 1.3]) remain valid in the 
lattice case. Also, the strong laws for Z„ proved in [l^], iiold in the lattice 
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case. Thus, it is only the weak convergence result under the growth condition ^ 
which is affected by the lattice assumption. 

Remark 1. The distributions J-a^A are semi-stable. Recall that an infinitely divis- 
ible distribution on the real line with characteristic function (j) is called semi-stable 
with index a € (0,2] if for some positive a ^ 1, there exists c S M such that 
{4>{u))°' — e'^'^^(l){a^/"u); see 18|, Ch. 3]. Stable distributions are obtained by requir- 



ing the same condition to hold for every a > (with c depending on a). Semi-stable 
distributions arise as subsequential weak limits of the partial sums of i.i.d. random 
variables taken along geometrically growing subsequences; see, e.g., This set- 
ting is applicable for example to the total gain in a large number of St. Petersburg 
games. Recall that in a St. Petersburg game, the gain of a player is 2'^ with prob- 
ability 2^*^, k ^ N. If Sn denotes the total gain in N independent St. Petersburg 
games, then the random variable Sn does not converge to a limiting distribution 
as TV — oo. However, it has been observed by Martin-L6f [15] that the subsequence 
has a limiting distribution as iV — >■ 00. Later, the full picture of limiting semi- 
stable laws arising as subsequential limits of Sn has been established in [6j. It is 
interesting to note that although the sum of independent products Z„ does not fit 
in this setting (rather, Z„ is a row sum in a triangular array), the structure of the 
set of limiting distributions is very similar to that encountered in [6]. In particular, 
the limiting distributions are semi-stable (and not only infinitely divisible, which is 
clear a priori). 

Remark 2. In (fTO|) . we agree to take the values of the inverse function I^^ to 
be in the interval (/3o,/3+oo)- Note that by ([4]), see also Eqn. (|24p below, we have 
bn ~ ip'{a)n as n — >■ 00. 

Remark 3. The value of the constant Ca.A-.r is given by Eqns. (|48|) . ([52]) . ((56|) 
below for a £ (0,1), a — 1, a £ (1,2), respectively. It is easily seen from these 
equations that the right-hand side of does not depend on the choice of r. 

Remark 4. Our growth condition (j4|) is less restrictive than the corresponding 
assumption in [HI, where Nn is chosen to be of the form Nn — Q;(27r-!/)"(Q!)n)^/^e'^". 
See [ll|. Theorem 1.4] for the proof of (HI in the non-lattice case under (|4]). 

A quantity closely related to the sum of independent products Z„ is the maxi- 
mum of independent products 



(16) M„ = max TTe^'''- 

i=i 

Equivalently, one may consider the maximum of independent sums 

n 

log M„ = max Vij . 

The limiting behavior of log Mj, as n — >■ 00 have been studied independently by a 
number of authors including [3], [3], [l3|, 0- Also, two versions of logM„ with 
an additional dependence between the sums Y^^=i * — 1, . . . ,Nn, have been 
studied in [l^ (in the context of the Erdos-Renyi law of large numbers), and 
in Chapter 3] (the maximal degree of a vertex in a random graph). Another 
related model is the maximum of the branching random walk; see, e.g., [l3 ]. If 
the random variable V is non-lattice with finite exponential moments, then log Mn 
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has limiting Gumbel extreme- value distribution function e^"^ . In the lattice case, 
the convergence to the Gumbel limit breaks down and instead, a family of discrete 
analogues of the Gumbel distribution appears as the set of the weak accumulation 
points. 

The rest of the paper is devoted to the proof of Theorem[TJ Our approach (which 
follows the idea used in and "5^) is to view Z„ as a row sum in a triangular array 
with independent rows and to apply the classical theory of convergence to infinitely 
divisible distributions. This results in a number of conditions on the truncated 
exponential moments which need to be verified. The verification is done using the 
precise large deviation theorems due to Bahadur and Ranga Rao ^li] and Petrov 



2. Proof of Theorem [T] and Corollary [T] 

2.1. Method of the proof. RecaU that {Vi,j;{i,j) € N^} and {Vj;j G N} are 
independent copies of a random variable V satisfying (j6|). For every n e N, let 
Wi,n, . . . , WN„.n and Wn be i.i.d. random variables defined by 

(17) = e^?=i^'--^", ^-l,...,7V„; = e5:"=i 

With this notation, Eqn. ([T^ of Theorem[T]is equivalent to the following statement: 

(18) ^W,,,,-B-^A^,^^^,A, k^oo. 

i=l 

Note that n e N, i = 1, . . . , iV„} is a triangular array of positive-valued ran- 

dom variables and that the variables within the same row are independent of each 
other. By the standard theory of convergence to infinitely divisible distributions 
(see, e.g.. Theorem 1 on page 116 in [8;|), the convergence in ((T5)) will be established 
once we have verified the validity of the following three statements: 

(1) For every r > with r ^ e'*^"^, 

(19) lim iV„,P[V7„, > r] = V a;'"l,>^. 

k^oo ^ — ^ 

(2) We have 

(20) limlimsup7V„^ Var[M^„^^lvK„ <r] = 0. 

(3) For every r > with r ^ e'*^^^, the following limit exists and is finite: 

(21) C,,A;r lim (iV„,E[M^„, 1^/,. - S-M„J. 

Note that the first condition identifies the Levy measure of the limiting distribution 
J-Q.A, the second condition shows that there is no Gaussian part in the limit, and 
the last condition identifies the shift parameter in the Levy-Khintchine formula. 
The formula (|13p for the characteristic function of the limiting distribution Ta,A 
follows from Eqn. (8) on page 84 of [1]. 
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2.2. Facts about large deviations. We collect some facts on large deviations for 
sums of independent random variables needed in the sequel. Let {Vi;i E N} be 
i.i.d. copies of a random variable V satisfying and let S'„ = + . . . + be 
their partial sums. Recall that 

(22) = logEe*^', teR, = sup(/3t - /3 e M. 

Note that ip is infinitely differentiable, strictly convex, and V'(O) = 0. The function 
/ is finite, strictly convex and infinitely differentiable on the interval (/?_oo, Z^+oo), 
and its unique zero is /3q, where 

(23) /3_oo:= lim /3o ^'(0) = El/, /3+oo := lim ^jj'{t). 

If /3 = ip'{a) for some a e M, then the supremum in (|22p is attained ai t — a and 
hence, 

(24) = atp'{a) - tp{a), a G R. 

The next lemma is standard; see, e.g., [lol Lemma 3] for the proof. 

Lemma 1. For every a € R, we have I' {ip' {a)) = a. 

The following theorem on the precise asymptotic behavior of large deviation 
probabilities for sums of i.i.d. variables of Bahadur and Ranga Rao [ij, Petrov [3| 
(see Theorem 6 therein) will play a crucial role in the sequel. It is this theorem 
where the difference between the lattice and the non-lattice case comes into play. 

Theorem 2. Suppose that ([6]) is satisfied. For (5 G (/3_tx3, /3+oo) define a to be the 
unique solution of the equation ip'ict) = (3. Assume that the distribution of V is 
lattice, and that Assumptions^ is fulfilled for some h > 0. 

(1) For every j3 £ n^^WL, 

(25) P[5„=n/?]^ -====, n^oo. 

(2) For every compact set K C (/3o,/3+oo)j th^ following holds uniformly in 
13 e n-^hZnK: 

/,e-n-f(/9) 

(26) PlSn > nffl , n -> oo. 

^ " ^ (l-e""'')v/27rV'"(a)n 

(3) For every compact set K C (/3-oo,/3o); ih^ following holds uniformly in 
P e n-^hZnK: 

/,e-n-f(/3) 

(27) < 



(1 - e"'^)y/2nij"{a)n 

In our proofs, we will several times use an exponential change of measure. Given 
to € R, we define V (dependent on t^) to be a random variable with density 

(28) P[y = dx] =e*«='-'^(*°¥[y = da;]. 

Note that the right-hand side is a probability measure since E[e*°^~'^*^*°''] = 1. 
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Lemma 2. The Laplace transform tp and the information function I corresponding 
to V are given by 

(29) i^{t)=ij{t + to)-iP{to), teR, 

(30) /(/3) = /(/3)+^(io)-to/3, /3e (/3_oo,/3+oo). 



Proof. The formula for tp follows immediately from (|28p . To prove the formula for 
/, note that by 

= sup(/3t - = sup(/3(t + to) ~ ^{t + to)) + ip{to) ~ toP. 

teR teR 

Since the supremum on the right-hand side equals /(/?), Eqn. (pO)) follows. □ 

Let {Vi, i G N} be independent copies of V and denote by S'„ = Vi + . . . + y„ 
their partial sums. By computing the Laplace transforms one obtains immediately 
that 

(31) V[Sn = dx] = e*«^-'^(*°)"P[S'„ = dx\. 
2.3. An auxiliary lemma. 

Lemma 3. Let the assumptions of Theorem]^ be fulfilled and let {xn}neN ^6 a 
sequence with lim„_j.oo Xn — x. Then, 

(32) =\og\^£^^=]+ax + o{l), n^oo. 
\ n J y/2TTtl;"{a)n J 

Proof. Recall from ([T0|) that 6„ = nl^^{cn), where 

1, / N„.h \ 

(33) c„ = - log 



n \y/2'Ki:"{a)n J 

It follows from Q that lim„_>oo c„ ~ A and hence, lim„_).oo I^^{cn) — ip'{o:). [Recall 
that L{%p'{a)) = A by By Taylor's expansion of the function / around the 

point /^^(c„), we have 

Xn 

n 



00. 



(34) ^(^^^j =l{l-\^n) 

= c„ + /'(/-i(c„)).^+ofiV n 
n \n / 

By the continuity of /' and Lemma [1] we have 

lini /'(/^""^ (c„))x„ = I' {-tp' [a))x = ax. 

n— >-oo 

Inserting this into ([M)) completes the proof of the lemma. □ 

2.4. Proof of HI]). Recalling that = e"^""''" and using the fact that S'„ takes 
values in /iZ, we have 

> r] = P[^„ > fo„ + logr] = P[5„ > [fe„ + logr];,]. 

Note that by ^ and (g]), 

lim i[fe„ + logr],, = L-\\) = ij'ia) > ^'(0) = EV. 

n— )-cxD 77, 
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exp < —nl > , n — 7> (X3 



By Theorem El Parts [D and El 

(35) P[W„ > r] 
fee-°^ ^^f [bn + log r] h 

(1 - e-°''^).j2'K^"{a)n ^ 

By the assumption (|lip of Thcorcm[Tl limfe^ool^rifcl'i = Recall also that logr ^ 
/iZ - A. Thus, 

eA:r := lim [&„fc + logT]ft - = [A + logrjft - A. 

A;— >oo 

Restricting Lemma [3] to the subsequence {tT'/cI/cgNi we obtain 

(36) n,l(hl^^±^)=XoJ^J^]^ae..^. + oill k ^ oo. 
Applying to the right-hand side of (I55t . we obtain 

g-Q!(eA;T+'l) 



(37) lim 7V„,P[l^„, > ^] - ^ 
To see that ([57)1 is equivalent to p^ . note that 

^gghZ-A fe=/i-i-[A+logr],i + l 

2.5. Proof of (I^Hl) . Since the variance of a random variable is not greater than 
the second moment, it suffices to show that 

(38) limlimsup7V„E[Vr2;LvF„<r] = 0. 

To estimate the truncated moment E[W^lvi/'„<,-], we will use an exponential change 
of measure argument. Let V and Sn be defined as in (^5)) and ([5T]) with to = 2. 
By ([nl) and (|31I), we have 

NnE[W^lw„<r] = iV„e-2''"E[e2^"ls„<6„+iogr] 

(39) = 7V„e'^(2)ng-26„p[^^^ < ^ l^g^] 

Note that by HO]) and (g]), we have 

lim -[6„ + logr],, = /-1(A) = V'(a) < ^'(2) = EV. 

Let r < 1 be fixed and denote by Ci,C2, . . . constants not depending on r. By 
Part El of Theorem El 

(40) P[5„ < [6„ + logr],] ^ -^exp(-n/^[^" + ^°S^]'' 

where / is the information function corresponding to S'„. Let eg (0, 2 — a). Note 
that by Lemma [2 lim„_^oo /'(6„/n) = I'{tl>'{a)) — a. By the convexity of /, we 
have for sufficiently large n, 

(41) nl (^^^^^) > nl (M + /' (M logr > n/ -f (a -f e) logr. 
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Note that / is decreasing on (/3_oo, ■(/''(2))- By Lemma [2] and Eqns. (|4T|). (fTO|) . we 
have 

(42) = ri/ (^ ^"^^^°^^ ) + ^(2)n - 2(6„ + log r) 

>log ( ^ ) +(a + e-2)logT + V(2)n-26„-C2. 



Bringing ((23), dini), (HH) together, we obtain 



Letting r J, and recalHng that a + e < 2 yields 

2.6. Proof of ipT|) . Let y and Sn be the exponential twists of V and S'„ defined 
as in (gS]) and ([211) with io = 1, i-e., 

(43) P[y = =e^-'''(i¥[y = F[Sn = dx] = e''-'''^^^"F[Sn ^ dx]. 
It follows from (HIl) that 

(44) eA;r := hm 6'„, = [A + logT],j - A, where 9,, = [b„ + logr],, - &„. 

Consider first the case a G (0, 1). Note that in this case, An = by By (|43l) . 
we have 

NnE[Wnlw,,<r] - B-^An = A^nC"^" E[e^ns„ <b„+log r ] 

(45) = 7V„e'^(i)"e-''"P[^„ < 6„ + log r] 

= N^e^^^^e-^-nSn < [bn + logr] J. 
By (Uni), Q, and the assumption a e (0, 1), 

lim -[bn + logT]h = /-^(A) = ^'(a) < ij'il) = EV. 

n-^oo n 

Note that by Lemma d ^'{a) ^-tp'ia-l). By Part [3] of Theorem H 

(46) P[^„ < [6„ + logT];,] 

h f f f[bn+l0gT]h.'' 

^ — exp < —nl ' 

(1 - e("-i)'')i/27rV'"(a)n I 

By , Lemma [U and Lemma |31 we have 

'[bn^ +logr],j~ 



rik 
nk 

bnk + Orik 



(47) ^ nkl ^ ^ + ^{l)nk - {bn, + On, ) 



( Nn,h 



= log , ^ + (a - l)eA;r + ^(l)"fe - bn, + o(l), fc ^ OO. 

\y/2TT'4>"{a)nk I 
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Bringing (gSj), (j46]), (gT]) together, we obtain 

(48) C„,A;. := \\m^N^MWn^w^,<r] - ^"^('J^^^ 

Let us consider the case a = 1. We have B~^An = iV„E[W„liv„<i] by (O, ([10] 
Assume for concreteness that r > 1. It fohows from (l43l) that 



iV„E[iy„lM/„<r] - - 7V„E[W„l^„e[i,,]] 

= 7V„e-''"E[e'5"lfc„<s„<b„+iog^] 

= iV„e'^(i)"e-''"P[6„ < ^„ < 6„ + logr]. 

This may be written as 

(49) 7V„E[W„lM/„<r]-S-M„ = iV„e'^«"e-^" ^ P[^„ = 5„+j]. 

0<j<log r 

By Part [1] of Theorem [2l we have 

(50) = 6„ + 3] - . exp ( -n/ ^ ^" + ^ 
By Lemma [2] and Lemma [3l 



(51) =nfc/f^^^) +^') 

\ nk J 

= log(-=%^l +V(l)nfc-6„. +o(l), fc^oo. 

Note that the right-hand side does not depend on j. It follows from PT|) that for 
sufficiently large n, the number of summands on the right-hand side of (|49p is equal 
to h~-^ ■ [\ogT + l\]h. Using gg]), ([50]), ([51]), we obtain 

(52) Ci.A;r lim (iV„,E[M^„, 1^^ <,] - B-^iA„J = \ ■ [logr + A],,. 

Finally, let us consider the case a € (1,2). First note that by ©, (ITU)) , we have 
B-^An =. 7V„E[W„]. By gS]), 

Nr,E[Wnlw^<r] ^ A,, = -7V„e-''"E[e^" l5„>b„+log r] 

(53) = -7V„e'^(i)"e-''"P[^„ > 6„ -f logr] 

- -7V„e'^(i)"e"''"P[^„ > [5„ + logT]„]. 
Note that by PU]) . ([?]), and the assumption a G (1, 2), wc have 

lim i[6„ + logr]^ = /-1(A) = V'(a) > ^'(1) = . 

n— J-oo ft 

By LemmaH -(/''(a) = "(/-'(a - 1). By Parts [D and [5] of Theorem [H 

(54) P[^„ > [5„ + logT];,] 

h r ; / [^^n+logr]^\ \ ^ 

exp < —nl > , n — >■ oo. 



(g(a-i)h _ l)^27rV'"(a) 
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Recall that Oa-.t and 9n are given by (j44| . By Lemma [2] and Lemma [3j we have 
rikl 



[buk +logr]/, 



= rikl 



nk 



(55) = nkl y ""^^ j + ^-(1)"^ - + e„J 

= log ( ^"^Z" ) + (a - l)eA.r + ^(l)^fc - ^'n. + 0(1), fc ^ ex.. 

Bringing ([53)) . (|54t . (1551) together, we obtain 

(56) a,A;r = iV„,E[VF„, 1m/„, <.] - = ''^ ■ 

This completes the proof of (|21l) and the proof of Theorem [T] 

2.7. Proof of Corollary [H The relative compactness of the sequence (|14p (as 
well as the description of its weak cluster set) follow from the fact that from every 
increasing integer sequence we can extract a subsequence Uk satisfying ([TT|) with 
some A G [0, /i] and then apply Theorem [T] 

Let us prove that for every fixed a € (0, 2), the set {Fa. a', A e [0, h\] is home- 
omorphic to a circle. Recall from ([T3|) that the logarithm of the characteristic 
function of Jvi.A is given by 

(57) log0a,A(u) = jCa,A;rU+ ^ (e™"" - 1 - ma;l^<^) x"" , u S K, 

where r > is arbitrary with r ^ e'*^^^. It follows from that 6o;r = Bh;T- 
Then, Eqns. dH]), ([51]), dSH) imply that C„^o;r = C^Ji-t- Trivially, we have e''^ = 
^h'L-h ^ By ([57l) . it follows from these facts that Fa,o — J^a,h- On the other hand, 
the Levy measure of J-q,a is given by X^^ee''^;-^ x^^Sx, which implies that the 
distributions J^q,a, A e [0, /i), are different. 

To complete the proof, we need to show that J-q.a depends continuously (in the 
weak topology) on A. Take some Ao € [0, h] and choose r > such that r ^ ^hZ-Ao ^ 
It is easily seen from (|44p and (j48|) . ([52l) . (|56|) that Ca,A;T is a continuous function of 
A in a neighborhood of Aq. It follows from ([57]) that limA-s-Ao 0q,a('u) = '/'a,Ao('u) 
for every m G K. By the Levy continuity theorem, this implies that J^a,A is a 
continuous function of A. This completes the proof of Corollary [TJ 
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